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Electromagnetic-wave propagation and amplification in overdense plasmas:
Application to free electron lasers
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Considering a propagation of electromagnetic~EM! waves through overdense homogeneous plasmas, a new
regime of amplification of EM waves with frequencies below the plasma frequency has been found. An
application to free electron lasers is suggested.@S1063-651X~98!07912-4#

PACS number~s!: 52.35.Hr, 41.60.Cr, 52.25.2b
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I. INTRODUCTION

A large-amplitude electromagnetic~EM! wave propagat-
ing through plasmas is known to be subject to different n
linear effects, such as Raman scattering, modulational in
bility, and self-focusing@1–3#. These nonlinear effects hav
great importance for fusion physics, laser-plasma accel
tion, and EM-field harmonic generation. In particular, Com
ton and Raman scattering are intensively utilized in the c
cept of free electron lasers~FEL!.

Usually, EM-wave–plasma interactions are investiga
in underdense plasmas. It is interesting to consider the
havior of overdense plasmas in the presence of the
fields, because it can lead to the increasing of nonlinear
fects. The basis of such expectations is an enhancement
amplitude of nonlinear plasma oscillations, driven by a po
deromotive force, with the increasing of plasma density
seems that the main obstacle to utilizing the plasma osc
tions is the impossibility for weak EM waves to propaga
through plasmas if their frequencies are less than the La
muir plasma frequency@1#. However, the presence of an EM
field drastically changes the properties of plasmas. For
ample, it has been predicted theoretically and demonstr
experimentally@5–7# that an overdense plasma can be ma
transparent due to the hole-burning effect and due to
effect of increasing of the relativistic mass of the particl
These effects need incredibly high intensity of the EM fie
and consequently, the realization of these effects looks p
sible only in the pulsed regime.

The coherent effects in the atoms are known to give
to new phenomena such as quenching of spontaneous e
sion, electromagnetic induced transparency~EIT!, lasing
without population inversion, and high index of refractio
without absorption@8#. For example, the EIT allows th
propagation of EM waves without absorption in the mediu
which possesses losses for a single weak field.

Recently it has been shown that there are several type
coherent effects in plasmas which are similar to coher
effects in atomic media. The EIT in cold overdense plasm
@9# and a new concept of FEL@10# has been proposed. Thes
effects are nonrelativistic and need a moderate level of E
wave intensities.

In this paper we consider an EM-wave propagation
PRE 581063-651X/98/58~6!/7846~9!/$15.00
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homogeneous, overdense plasmas. For the sake of simp
we limit ourselves to a one-dimensional model, and take i
account interaction with electrons only. Developing the ide
of coherence effects in plasmas, we show a possibility
EM-wave propagation and amplification in overdense pl
mas and propose application of the effects to the FEL. Th
effects result from the modulation of the plasma density
coherent electromagnetic fields.

We consider the strict dispersion relation for the E
waves in plasmas in the presence of the strong EM fi
@11,12#, including both the Stokes and anti-Stokes wav
and investigate the stability of an overdense plasma – E
wave compound. We show the dependence of the sys
stability on the drive intensity and find the threshold beha
ior of the plasma instability. The plasma has only a relat
istic modulational instability~RMI! for a sufficiently low
drive intensity. In this region we find the EIT effect an
show that the EIT gap is much narrower than has been
dicted in @9#. We show that there exist unstable Stokes E
waves with frequencies smaller than the plasma freque
when the drive intensity is above the instability thresho
The differences between these instabilities and underde
plasma instabilities are found and analyzed. The depende
of the instabilities and the EIT on the temperature in wa
overdense plasmas is discussed. Finally, we apply our an
sis for the intense electron beams and using the Lore
transformation investigate dispersion relations for a FEL-l
system. We find a new regime of amplification for such
system.

II. EQUATIONS FOR WAVES IN PLASMAS

An interaction of EM waves with a cold, homogeneou
collisionless plasma is described by the set of self-consis
equations@11#, which consists of the equations of motion
a single charged particle in the EM field, the continuity equ
tion, and the wave equations for fields.

The equation of continuity and the wave equations for
fields have the forms

e
]n

]t
1“–J50, ~1!
7846 © 1998 The American Physical Society
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S 1

c2

]2

]t2
2D D A5

4p

c
J, ~2!

S 1

c2

]2

]t2
2D D f54pen, ~3!

wheree is an electron charge,c is the speed of light,J is the
density of the electron current

J5~n01n!ev,

v5(vx ,vy ,vz) is an electron velocity,n0 is the density of
the plasma,n is the electron density of longitudinal plasm
oscillations,f is the electric potential connected with the
plasma oscillations, andA is a vector potential of EM field.
These potentials obey the Lorentz gauge condition

1

c

]f

]t
1¹–A50. ~4!

Classical dynamics of electrons in the external fields
be described by the Hamiltonian

H5gmc25cAS p2
e

c
AD 2

1m2c21ef,

whereg is referred to as a Lorentz factor,

g5S 12
v2

c2D 21/2

,

m is an electron mass, andp is a canonical momentum o
electron.

To proceed further we chooseA as (0,Ay ,Az). The set of
equations of motion for an electron in the external fields
the form

ẋ5
]G

]px
5

px

mg
, ẏ5

]H

]py
5

py2eAy /c

mg
,

ż5
]H

]pz
5

pz2eAz /c

mg
, ṗx52

]H

]x
50, ṗy52

]H

]y
50,

~5!

ṗz5 2
]H

]z
5

pz2 eAz/c

mg

e

c

]Az

]z
1

Py2eAy/c

mg

e

c

]Ay

]z
2e

]f

]z
,

ġmc25 2evzS ]f

]z
1

1

c

]Ax

]t D2evy

1

c

]Ay

]t
.

Using the equations of motion~5! together with the equa
tion of continuity ~1!, and assuming the small relativist
change of the electron mass due to interaction with the
waves, we obtain the equation for the plasma oscillation

d2n

dt2
1

vp
2

gz
3 n5

e2n0

2m2c2gz
2

]

]zS vz
0

c2

]

]t
1

]

]zDAy
2 , ~6!

wherevz
0 is the mean longitudinal velocity of plasma relativ

to the laboratory frame of reference
n

s

gz5F12S vz
0

c D 2G21/2

.

The wave equation for EM fields~2! can be rewritten as

S 1

c2

]2

]t2
2D1

vp
2

gzc
2D Ay

5
vp

2

c2gz
S 2

n

n0
1

e2Ay
2

2m2c4
1gz

2
vz

0~vz2vz
0!

c2 D Ay ,

~7!

wherevp
254pn0e2/m is the plasma frequency.

The relation between the electron densityn and the lon-
gitudinal velocityvz can be obtained from the modified con
tinuity equation

ṅ52n0

]

]z
~vz2vz

0!. ~8!

Equations~6!–~8! form the complete set describing th
EM-wave–plasma interaction. Obtained from relativistic i
variant equations~1!–~5!, the set is relevant in any frame o
reference. For example, it can be used for investigation
EM-wave scattering by plasmas or by electron beams.

In the case of underdense plasmas, Eqs.~6! and~7! can be
simplified by neglecting the terms, which are proportional
the plasma frequency, in the left sides of the equations. T
simplification corresponds to a consideration of an inter
tion between EM waves via a single electron. The interact
between the electrons is neglected~this is the so-called
Compton regime!. For the dense and overdense plasmas
collective effects play an important role and such a simpl
cation is no longer valid.

III. DISPERSION RELATION FOR PLASMAS

To analyze a possibility of wave amplification we make
harmonic analysis of Eqs.~6!–~8! and obtain the dispersion
relation for plasmas. Such an analysis has been provided
large number of papers~for example, see@11–13#!, and we
do not repeat it here.

Let us use the vector potential of EM waves in plasmas
the form

A~z,t !5$A01Aaexp@ i ~k–z2vt !#

1ASexp@2 i ~k*–z2v* t !#%

3exp@ i ~k0–z2v0t !#1c.c. ~9!

We assume that the sideband amplitudesAa ~anti-Stokes!
and AS ~Stokes! are much smaller compared with carrie
wave amplitudeA0 , and thatAS , Aa , and A0 are linearly
polarized, parallel to each other, and perpendicular to
carrier-wave vector.

For the Stokes and anti-Stokes sideband amplitudes
next set of equations can be obtained@11#:

D1Aa1ṽp
2G0~12c2k̃2/D !~Aa1AS* !50, ~10!
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D2AS* 1ṽp
2G0~12c2k̃2/D !~Aa1AS* !50, ~11!

where G05e2uA0u2/m2c4 is the nonlinear coupling coeffi
cient,

D~ṽ,k̃!5ṽ22ṽp
2

is the Langmuir-wave dispersion function,

D6~ṽ,k̃!5ṽ262~ṽ0ṽ2c2k̃• k̃0!2c2k̃2

are the light-wave dispersion functions, andṽp ,k̃, andṽ are
the plasma frequency, wave vector, and frequency of
plasma wave in the moving frame of reference where
plasma is at rest,

ṽp
25

vp
2

gz
, k̃5S k2

vz
0v

c2 D gz , ṽ5~v2vz
0k!gz .

From Eqs.~10! and~11! we obtain the dispersion relatio
for plasma oscillations@11,12#:

D~ṽ,k̃!5D1D21ṽp
2G0~12c2k̃2/D !~D11D2!50.

~12!

It should be mentioned here that the dispersion relation~12!
is valid independent of the frame of reference. This resu
rather obvious because Eq.~12! is based on the equation
which are invariant relative to the Lorentz transformation

We consider a rather weak interaction plasma field (G0
!1), so the carrier-wave dispersion relation has the form

ṽ0
25ṽp

2~12G0!1c2k̃0
2 . ~13!

In this case the unstable solutions of Eqs.~6!–~8! automati-
cally mean the instability of sideband waves. Analyzing t
roots of Eq.~12! we investigate amplification and generatio
of the Stokes and anti-Stokes waves in plasmas.

IV. ANALYSIS OF STABILITY IN COLD PLASMAS

To consider an amplification or an attenuation of E
waves propagating through plasmas we analyze the dis
sion relation ~12! obtained in the preceding section. It
instructive to remember that there are two approaches to
lyze the propagation of the EM wave in plasmas. Let
suppose that the initial distribution of the field in the inte
action region is known, and the task is to find the tim
dependent behavior of the EM field. In this case the disp
sion equation should be solved with respect to the freque
regarding the wave vector to be real. An appropriate ima
nary part of complex frequency, that is a root of Eq.~12!,
indicates that there is an instability of the plasma wave,
EM waves with the real part of this frequency can be gen
ated by the system. Temporal consideration is useful in
case of infinite uniform plasmas or finite plasmas with pe
odic boundary conditions.

In the other case, when the EM fields on the plasm
vacuum boundary are known, the task is finding the pro
gation of the EM waves through plasmas using these bou
ary conditions. Solving the dispersion equation with resp
to the wave vector for the real frequencies gives us an im
e
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nary part of the wave vector which corresponds to the w
attenuation or amplification. This approach is valid for t
convective instabilities@2#. For absolute instabilities the
problem is more complicated. There is a situation when th
exist complex frequencies for real wave vectors~temporal
picture! while for real frequencies we have only real wa
vectors@4#. To find an amplification in this case one shou
know the geometry of the system.

We numerically solve the dispersion equation~12!, which
is fourth order of the wave vector and sixth order of t
frequencyṽ, and investigate the dependence of the plas
instabilities on the driving field intensity. For simplicity, w
limit ourselves to copropagation and contrapropagat
( k̃uuk̃0) of the carrier and sideband waves.

In Figs. 1–4, we depict the solutions of Eq.~12! for the
monochromatic driving field with the frequencyṽ0

51.7ṽp . It is clear that for such a driving field the Stoke
sideband has frequency smaller than plasma frequencyṽp .

To begin with, we demonstrate that the low intensity
the driving field ~for example, we set the parameterG0
50.02) there exists only an instability due to a near-reson

FIG. 1. ~a! The temporal growth rate of the Stokes EM wa

~the relativistic modulational instability! Im ṽS/ṽp as a function of

the real longitudinal wave vectork̃Sc/ṽp , obtained for the drive

EM field with the frequencyṽ051.7ṽp and the coupling constan

G050.02. ~b! The dispersion of the Stokes EM wave ReṽS/ṽp ,
corresponding to~a!, as a function of the real longitudinal wav

vector k̃Sc/ṽp .
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interaction of a carrier wave and its Stokes and anti-Sto
sidebands@11#, a so-called relativistic modulational instabi
ity in plasmas. In Fig. 1~a! we depict the temporal growth
rate of the plasma wave~and, consequently, the sideban
fields! as a function of the real wave vector. The real part
the plasma oscillation frequencies is shown in Fig. 1~b!. The

FIG. 2. ~a! The imaginary part of the wave vector Imk̃Sc/ṽp as

a function of the real frequency of the Stokes waveṽS /ṽp . The
relativistic modulational instability~b! corresponds to the branc

close toṽS5ṽ0 . The other branches characterize the evanes
field. The EIT gap is clearly seen at the vicinity of the plasm
resonance.~c! The dispersion of the Stokes EM wave, correspon

ing to ~a!, ~b!, Rek̃Sc/ṽp as a function of the real frequency of th

Stokes EM waveṽS /ṽp .
s

f

RMI leads to growth of forward scattered Stokes and a
Stokes waves because the corresponding wave vectork̃a

5 k̃01 k̃ and k̃S5 k̃02 k̃ have the same signs. As usually o
curs for the RMI,ukũ is much less thanuk̃0u. It is clearly seen
in Fig. 1~b! that there is no Raman instability in the ove
dense plasma~see, for example,@14#! for such a driving
field.

Let us now consider the solution of the dispersion relat
with respect to wave vectorsk̃ keeping the real frequencie
ṽ. Imaginary and real parts fork̃ are shown in Fig. 2. Close
to the pointṽ50 one finds the branch of spatial instabili
@Fig. 2~a!#, which corresponds to the temporal RMI grow
rate@Fig. 1~a!#. The real part of the wave vector correspon
ing to the spatial instability is depicted in Fig. 2~b!. A com-
parison of Fig. 1 with Fig. 2 shows that, for the case of t
RMI, it is possible to use either a temporal or a spatial p
ture. The results of such considerations are the same i
pendent of the manner of investigation, because the RM
convective.

It is easily seen in Fig. 2~a! that there are other comple
rootsk̃ of Eq. ~12!. These wave vectors do not correspond
the RMI. Therefore one can conclude that these branc

nt

-

FIG. 3. ~a! The temporal growth rate of the Stokes EM wa

Im ṽ/ṽp as a function of the real longitudinal wave vectork̃Sc/ṽp ,

obtained for the drive EM field with the frequencyṽ051.7ṽp and
the coupling constantG050.04, which lies above the threshold.~b!

The dispersion of the Stokes wave Reṽ/ṽp , corresponding to~a!,

as a function of the real longitudinal wave vectork̃Sc/ṽp .
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correspond to evanescent waves@4# and cannot be useful to
amplification. The EM waves with frequencies correspon
ing to suchk̃ are usually reflected by the plasma. Howev
one can see in Fig. 2~a!, that some low frequency Stoke
sidebands (uṽSu5uṽ02ṽu,ṽp) may propagate through
plasmas without reflection or attenuation~so-called electro-
magnetically induced transparency, see@9#! in the presence
of a driving field. We have revisited this effect and foun
that the EIT window in the plasmas looks different from th
obtained earlier. This difference appears due to the Sto
and anti-Stokes wave interaction, which has been omitte
@9#. Consideration restricted by three wave interaction~the
Stokes wave, the plasma wave, and the drive wave! works
well for describing Raman scatterings, but in our case
leads to incomplete results. Really, if we consider only th
wave interaction~this means that in the dispersion relatio
we should setD1@D2 and therefore omitD2 where it is
possible!, we obtain the wide EIT gap in plasmas. The wid
of this gap is about to 3G0ṽp @9#. Taking the anti-Stokes
sideband into account, one can make the inference tha
EIT exists in cold plasmas, but the width of the gap is n

FIG. 4. ~a! The imaginary part of the wave vector Imk̃Sc/ṽp as a

function of the real frequency of the Stokes EM waveṽS /ṽp . The
relativistic modulational instability corresponds to the branch cl

to ṽS5ṽ0 . The other branches correspond to the evanescent fi
There is no branch which corresponds to the temporal plasma
stability ~a!. ~b! The dispersion of the Stokes EM wave, correspon

ing to ~a!, Rek̃Sc/ṽp as a function of the real frequency of th

Stokes EM waveṽS /ṽp .
-
,

t
es
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rower @see Fig. 2~a!#. Moreover, taking into account the ant
Stokes wave leads to the substantial changing of the oppo
to the EIT effect, predicted in@9#. There is a region near th
anti-Stokes frequency~well above the plasma frequency
usually it is a transparent region in the linear regime! where
the probe field is reflected from the plasmas. The phys
cause of this effect is the same as for the EIT. A high f
quency field reflects from the plasma due to a dynam
diffractional lattice, which is formed by the ponderomotiv
force, which acts on the charged particles in the presenc
the EM fields. We found that this region is much wider com
pared with the result obtained in@9#.

Let us consider now the situation of a larger drive than
the previous case. For the intensity of the driving EM fie
being higher than some threshold value we get the temp
instability ~the parameterG050.04, see Fig. 3!. This thresh-
old value depends on the plasma and drive frequencies.
threshold value can be easily estimated in the limit ofD1

@D2 . The dispersion relation~12! in this case can be re
written as

c2k̃S
22ṽS

21ṽp
22G0ṽp

2S 11
c2~ k̃02 k̃S!2

ṽp
22~ṽ02ṽS!2D 50,

~14!

and the threshold nonlinearity of interaction is determined
the value

G0
th.

@ṽp
22~ṽ02ṽS!2#~ṽp

22ṽS
2!

ṽp
2~ṽ0

22ṽS
2!

. ~15!

Therefore for the drive EM field with the intensity highe
than the threshold (G0.G0

th) there exists a plasma instability
It should be mentioned here that there is no correspond
spatial instability~see in Fig. 4! for this temporarily unstable
branch.

Let us note here that the similarity between plasmas
driven three-level systems can be established on the bas
the simplified dispersion relation~14!. In the case of three-
level atoms driven by a coherent field the dispersion relat
consists of two parts~to be certain we refer to theL system,
see Fig. 5! @8#:

e

ld.
n-
-

FIG. 5. The scheme of three-level atom inL configuration.V
andaS are the Rabi frequencies of the driving and probe coher
fields, respectively. The dispersion relation~16! is obtained for the
probe field having the wave vectorkS and frequencyvS .
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S ikS2 i
vS

c
2j

na2nb

Gab
D2uVu2j

nc2na

GabGcaGcb
50, ~16!

wherena , nb , andnc are the populations of the levelsa, b,
and c; G i j 5g i j 1 iD i j , g i j is the relaxation of coherenc
between levelsi and j , D i j is the detuning for the transition
between levelsi and j ; j is a coupling constant between
radiation and a matter which is equal to (3/8p)l2N for the
case of the radiative broadening transition, andN is the den-
sity of atoms. The first part in parentheses is the linear
sorption and dispersion which exists without the driving fie
as well as in the case of the plasma~14! the term withoutG0
is a linear dispersion of the EM waves in plasmas. The s
ond part is the driving term. It is this term that leads to t
electromagnetically induced transparency and the las
without inversion~LWI ! @8#. The first one allows the propa
gation without absorption of the two EM waves which ha
the frequency difference being equal to the splitting of
ground levels. The second one leads, under certain co
tions ~for example, the driving field intensity should exce
some threshold value!, to the amplification of one of the EM
waves without population inversion. In the case of plasm
the role of the second, driving term, is similar. The plas
oscillations play the role of the low frequency coherence
the case of theL atoms. As has been shown in@9# the driv-
ing term leads to the EIT in plasmas, and, as we have
shown, to the instability of the plasma. Therefore the coll
tive plasma effects are similar to the atomic coherent effe

It is important to determine the nature of the instability
this case. According to the usual criterion@2,14#, we solve
numerically the set of equations

D~ṽ,k̃!50

]D~ṽ,k̃!

] k̃
50,

and find a complete set of roots. There are roots of the se
equations which correspond to unstable plasma behavioṽ

.(0.8410.09i )ṽp . We have an absolute type of a plasm
instability. This instability is not a Raman one, because
frequency of the Stokes sideband lies belowṽp . However,
this instability can be used for EM-wave amplification a
generation.

V. ANALYSIS OF STABILITY IN WARM PLASMAS

To answer the question of whether an experimental imp
mentation of the results obtained in the preceding sectio
possible, we have to reconsider the analysis of stability
the case of warm plasmas and determine the role of the
electron motion.

For the most interesting case of sufficiently cold plasm
whenT>0 but still ṽ@ k̃vT , wherevT is the thermal elec-
tron velocity, kinetic theory analysis shows that plasma f
quency should be changed toṽpT5ṽL2 igL , where

ṽL
25ṽp

213k̃2vT
2 , gL5Ap

8

ṽp
2ṽL

2

k̃3vT
3

expS 2
ṽL

2

2k̃2vT
2D .
b-

c-

g

e
di-

s
a
n

st
-
s.

of

e

-
is
r
al

s,

-

Landau dampinggL is negligible in our case due to smallk̃.
This modification changes the order of the dispersion re
tion for the wave vectork̃ and does not change the order f
the frequencyṽ.

The main changes of the wave properties between
warm and cold plasmas are as follows. The temporal pict
and corresponding part of the spatial picture~the RMI branch
for G050.02) do not change much untilvT is less than 0.1c,
wherec is the speed of light in vacuum, whereas the oth
branches of the spatial picture display significant changes
vT.0.03c.

The EIT gap demonstrates a threshold behavior. For
parameters chosen above, it disappears when the the
electron velocity reaches the valuevT.0.1c.

The threshold for the temporal instability increases w
the temperature, as is clearly seen from Eq.~15!,

G0~T!5G0~0!13k̃2vT
2S 12

~ṽ02ṽS!2ṽS
2

ṽp
4 D .

Increasing of the plasma temperature leads to vanishin
the nonlinear interaction between the sideband waves and
plasma. This is similar to destroying a coherence in atom
systems by the thermal motion. The phase and group vel
ties of sideband waves become very large. We would like
note that without nonlinearity these velocities and the wa
length of sideband waves go to infinity. This means th
these waves cannot penetrate through plasmas.

VI. APPLICATION TO FREE ELECTRON LASERS

In conventional FELs@16#, a linearly polarized static
magnetic wiggler is used to generate stimulated radiation
laser-pumped FELs, the static periodic magnetic wiggle
replaced by a counterstreaming intense laser field@17# ~opti-
cal wiggler!. It should be noted that for a relativistic bea
the periodic magnetic field of the wiggler appears appro
mately, using Weiszacker-Williams approximation, as
plane EM wave@18#. Due to this fact, we neglect the differ
ence between these types of wigglers for gain calculatio

We consider the setup presented in Fig. 6. The high d
sity relativistic electron beam passes through the wiggler

FIG. 6. The FEL-type setup for the demonstration of the am
fication effect for the EM wave with the frequency below th
plasma frequency.
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the frame of reference moving with the electron beam
wiggler can be considered as a strong driving field propa
ing through the plasma. It is similar to the configurati
which we have analyzed above. The weak laser field to
amplified should be launched onto plasma in the presenc
the strong pump field, as shown in Fig. 6. To calculate
increment of the instability for the weak laser fieldEl propa-
gating through the wiggler along the electron beam we
the transformed dispersion relation~12!.

It is known that the moving electrons ‘‘see’’ the wiggle
as almost transverse EM wave, the wave vector and
quency of which in the rest frame of the electron beam
determined as

ṽ05kWvz
0gz , k̃0

25S kWvz
0gz

c D 2

2
ṽp

2

c2
,

wherekW52p/lW , lW is the wiggler wavelength,vz
0 is the

mean speed of the electron beam, andgz corresponds to the
vz

0 Lorentz factor. Therefore we can consider the wigg
field as the carrier wave and use for calculations the ab
results.

To determine the parameters of the amplified field in
laboratory frame we can use the Lorentz transformation.
worthwhile to underline here that forward scattered wa
can be backscattered relative to the electron beam in
laboratory frame under the conditionṽ. k̃vz

0 . For the back-
scattered waves the frequency in the laboratory frame
higherv5(ṽ1 k̃vz

0)gz . Thus, even for the Stokes sideba
waves with the frequency smaller than the plasma freque
in the moving frame, in the laboratory frame the frequency
in the optical region for largegz .

Let us consider the situation when the wiggler field wav
length is lW59 cm, the wiggler field strength isBW
52.7 kG (G050.04), the Lorentz factor isgz540, the lon-
gitudinal momentum spread isDg51023gz , and the elec-
tron density is 1014cm23. Corresponding carrier-wave fre
quency in the moving frame isṽ058.3831011s21, the
plasma frequency isṽp5531011s21, the thermal velocity
is vT5Dg/gzc533107 cm/s, and the corresponding tem
perature is 225.0 eV. For the probe laser with the freque
v f51.731013s21, which in the moving frame correspond
to the frequencyṽ54.231011s21, which is less than the
plasma frequency, the increment of the instability is equa
Im(ṽ)50.09ṽp .

The above estimation gives us the gain for the opti
fields. The limitation of the gain in the optical region com
from the restriction of the plasma density in the electr
beams, and this limits the applications of the concept un
consideration into the generation of optical~or shorter wave-
length! coherent fields. However, the FEL, based on the p
posed effect, looks quite competitive with the Raman FE
also utilizing the collective motion of plasma, to produ
radiation in IR and far-IR regions@3#.

In conclusion, we consider the dispersion relation of ov
dense homogeneous plasmas, and find a new regime of
plification EM waves with the frequencies below the plas
frequency. This regime does not involve Raman instabil
because the pump frequency is lower than the double pla
e
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-
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-
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a
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a

frequency~according to@1#! and can be useful for improving
free electron laser operation, because it broadens the bo
aries of FEL operation to the low frequency region. Su
devices have larger gain compared with the Compton
Raman FELs for the same amplitudes of the driving fie
These devices can be used, for example, for producing in
red radiation with significantly higher brilliance than usu
laboratory sources such as a mercury lamp.

We have found that the EIT window in the plasmas loo
different from that obtained in@9#. The width of the gap is
narrower@see Fig. 2~a!#. We have shown that a region ne
the anti-Stokes frequency~well above the plasma frequency
it is usually a transparent region in the linear regime! where
the probe field is reflected from plasmas, is much wider th
the region predicted in@9#.

We should mention here that direct application of the
sults obtained above for plasmas is to be corrected, bec
of the inhomogeneity of real plasmas which should be ta
into account. This inhomogeneity is the source of a set
problems. For example, it breaks the phase matching co
tions for the waves in plasmas, which leads to a bound
reflection of the EM waves in the case of overdense plasm
The regions with low plasma density experienced all types
EM-wave scattering, which can significantly diminish the i
tensity of the carrier wave and scatter the low frequen
probe wave before they penetrate the plasma.
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APPENDIX A

To derive Eq.~7! we assume a small change of the ele
tron mass due to interaction with the EM waves. This lea
to the approximation

g215S 12
vy

21vz
2

c2 D 1/2

.gz
21S 12gz

2
vy

212vz
0~vz2vz

0!

2c2 D ,

~A1!

wherevz
0 is the velocity of the electron beam. For transver

velocity of the electronvy we have equations of motion

ẏ5
]H

]py
5

py2eAy /c

mg
, ṗy52

]H

]y
50. ~A2!

Setting the initial transversal momentum of the electron to
equal to zero,py50, we obtain from Eq.~A2! the expression

ẏ52
eAy

mcg
. ~A3!

Combining Eq.~A1! with Eq. ~A3! and omitting the terms
with higher order than (eAy /mcgz)

3, we can express the
transversal velocity of the electron in the form
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vy52
eAy

mcgz
S 12gz

2
~eAy /mcgz!

212vz
0~vz2vz

0!

2c2 D .

~A4!

We plug expression~A4! into the wave equation forAy ,
Eq. ~2!,

S 1

c2

]2

]t2
2D D Ay5

4p

c
~n01n!evy . ~A5!

Then, using the definition of the plasma frequencyvp
2

54pe2n0 /m and expression~A4!, we rewrite Eq.~A5! in
the final form~7!:

S 1

c2

]2

]t2
2D1

vp
2

gzc
2D Ay

5
vp

2

c2gz
S 2

n

n0
1

e2Ay
2

2m2c4
1gz

2
vz

0~vz2vz
0!

c2 D Ay .

~A6!

To derive an equation for the plasma oscillations~6! we
use the equation of continuity~8!

]n

]t
1“–~n01n!v50.

We consider the one-dimensional case; the vector pote
Ay depends onz and t only. Therefore, assuming sma
plasma perturbationn!n0 , we have

¹•~n01n!v5
]

]y
~n01n!vy1

]

]z
~n01n!vz

5vz

]

]z
n1n0

]

]z
vz .

In this case, the continuity equation has a form

ṅ5
]n

]t
1vz

0 ]n

]z
52n0

]

]z
vz . ~A7!

We applyd/dt to Eq. ~A7!, and rewrite it as

n̈52n0

]

]z
v̇z . ~A8!

Using the equations of motion~5! we obtain the expres
sion for a longitudinal electron velocity

mgvz5pz2
e

c
Ȧz , ~A9!

which gives us the convective derivative forvz :

v̇z5
1

gmS 2mvzġ1 ṗz2
e

c
ȦzD . ~A10!

Using Eq. ~A3! and substituting the expressions forġ, ṗz
@see Eq.~5!# into Eq. ~A10! we rewrite the last one as
ial

v̇z52
e

ggz
2m

S ]f

]z
1

1

c

]Az

]t D2
e2Ay

g2m2c2S vz

c2

]

]t
1

]

]zD Ay .

~A11!

Then we apply]/]z to ~A11! and, using expression~A1!,
obtain

]

]z
v̇z52

e

gz
3m

S ]2f

]z2
1

1

c

]2Az

]z]t D
2

e2

gz
2m2c2

]

]z
AyS vz

c2

]

]t
1

]

]zD Ay . ~A12!

The Lorentz gauge condition~4! gives

1

c

]2Az

]z]t
52

1

c2

]2f

]t2
. ~A13!

Taking into account

S 1

c2

]2

]t2
2D D f54pen, ~A14!

we plug Eq.~A13! into the equation of continuity~A8! and
obtain the final form of the equation for plasma oscillatio
~6!

d2n

dt2
1

vp
2

gz
3

n5
e2n0

2m2c2gz
2

]

]zS vz
0

c2

]

]t
1

]

]zD Ay
2 , ~A15!

which corresponds to the equation obtained in@15#.

APPENDIX B

Here we consider the frame of reference connected w
the plasmavz

050. To get the dispersion equation~12! we
represent the vector potential of EM waves in plasmas in
form

A~z,t !5$A01Aaexp@ i ~ k̃–z2ṽt !#1AS

3exp@2 i ~ k̃*–z2ṽ* t !#%exp@ i ~ k̃0•z2ṽ0t !#1c.c.,

assuming that the sideband amplitudesAa ~anti-Stokes! and
AS ~Stokes! are small in comparison withA0 , and thatAS ,
Aa , andA0 are linearly polarized, parallel to each other, a
perpendicular to the carrier wave vectork̃0. ṽ0 is the fre-
quency of the carrier wave. We chose the plasma densit
the form

n5n0exp@ i ~ k̃–z2ṽt !#1c.c.,

where k̃ and ṽ are wave vector and frequency of plasm
wave.

Using equation for plasma oscillations~6!

d2n

dt2
1ṽp

2n5
e2n0

2m2c2

]2

]z2
Ay

2 ,
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together with wave equation~7!

S 1

c2

]2

]t2
2D1

ṽp
2

c2 D Ay5
ṽp

2

c2 S 2
n

n0
1

e2Ay
2

2m2c4D Ay ,

we get for plasma oscillations

Dn52
e2n0

2m2c2
k̃2~A0AS* 1AaA0* !,

whereD5ṽp
22ṽ2.

For fields we get

D1Aa5
ṽp

2

c2 S 2nA01
e2

2m2c4
~ uA0u2Aa1A0

2AS* !D ,
n

.A

s.
,
.

,

.

e

a
in
ak

or
D2AS* 5
ṽp

2

c2 S 2n* A01
e2

2m2c4
@ uA0u2AS* 1~A0* !2Aa# D ,

whereD65ṽ262(ṽ0ṽ2c2k̃k̃0)2c2k̃2.
Finally we come to relations

D1Aa5
ṽp

2

c2

e2

m2c4
~12c2k̃2/D !~ uA0u2Aa1A0

2AS* !,

D2AS* 5
ṽp

2

c2

e2

m2c4
~12c2k̃2/D !@ uA0u2AS1~A0* !2Aa#,

which gives us the dispersion relation~12!.
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